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Abstract

We present three novel varieties of spiraling and nonspiraling axisymmetric solitons in the complex cubic–quintic Ginzburg–
Landau equation. These are irregularly “erupting” pulses and two different types of very broad stationary ones found near
a border between ordinary pulses and expanding fronts. The region of existence of each pulse is identified numerically. We
test their stability and compare their features with those of their counterparts in the one-dimensional and conservative two-
dimensional models. 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

Ginzburg–Landau (GL) equations provide for a
universal description of pattern formation in various
types of nonlinear dissipative systems, see Refs. [1–
28] and references therein. Equations of this type
also describe generation of soliton-like light pulses in
mode-locked fiber lasers with fast saturable absorbers
[20,22]. These mode-locked soliton fiber lasers are of
much interest to various applications because they can
generate pulse arrays with a wide range of durations
and repetition rates.

Patterns described by GL equations in two dimen-
sions are of special interest. In particular, steady “spi-
ral solitons”, i.e., localized (“bright”) two-dimensional
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(2D) objects withinternal vorticity, which are charac-
terized by an integer-valued “spin”S, were studied in
a recent work [24] within the framework of the com-
plex cubic–quintic (CQ) GL equation. In that work,
it has been shown that spiral solitons, stable against
all modes of small perturbations, including azimuthal
ones which are fatal for the vortex rings governed by
the conservative nonlinear Schrödinger (NLS) equa-
tion [29], can be readily found in the CQ GL equa-
tion. The aim of the present work is to demonstrate that
the same general model gives rise to other novel types
of nonstationary and stationary axisymmetric solitons,
with and without the intrinsic vorticity.

We consider the (2+ 1)-dimensional complex GL
equation in a generic form,

iAz + iδA + (1/2− iβ)(Axx + Ayy) + (1− iε)|A|2A
(1)− (ν − iµ)|A|4A = 0,
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where the subscript stands for the partial derivative.
The equation is written in the “optical” notation, as-
suming evolution along the propagation coordinatez

of a light beam with its 2D cross section in the plane
(x, y). In fact, bulk (three-dimensional) optical me-
dia is the most appropriate system for the experimen-
tal generation of bright vortex solitons (vortex rings),
even if they are unstable [30]. In this case,A(z, x, y)

is the local amplitude of the electromagnetic wave,
the diffraction and cubic self-focusing coefficients are
normalized to be 1,ε is the nonlinear gain,δ andµ

are the linear and quintic loss parameters (the latter
one actually accounts for the nonlinear gain saturation
in optical media), andν is the quintic self-defocusing
coefficient. Lastly,β is an effective diffusion coeffi-
cient. It is not a standard part of the propagation equa-
tion for optical media, but it appears if light creates
free charge carriers, which may take place in semicon-
ductor waveguides. Due to their physical meaning, all
these coefficients are positive.

The spiral solitons are axisymmetric solutions to
Eq. (1) of the formA(z, x, y) = U(z, r)exp(iSθ),
wherer andθ are polar coordinates in the (x, y) plane,
and S is the integer “spin” (topological charge of
the vortex). The complex amplitudeU(z, r) obeys an
equation obtained after the substitution of the latter
expression into Eq. (1),

iUz + iδU + (1/2− iβ)
(
Urr + r−1Ur − S2r−2U

)
(2)+ (1− iε)|U |2U − (ν − iµ)|U |4U = 0.

Spiral–soliton solutions to Eq. (2) are singled out by
boundary conditions stating thatU ∼ rS as r → 0,
andU(r) decays exponentially asr → ∞. Note that
the localized solution withS 	= 0 may be interpreted
as aspiraling soliton because the functionU(r) is
complex,

(3)U(z, r) ≡ ∣∣U(z, r)
∣∣exp

(
iΦ(z, r)

)
,

hence constant-phase curvesSθ +Φ(r) = const, taken
at a fixed value of the propagation distancez, are
spirals, rather than straight linesSθ = const, as in the
case of the CQ NLS equation, whereU(r) is real [29,
31,32].

In this work, our first purpose is to search for irregu-
larly pulsating but robust (nondecaying) axisymmetric
(both spiraling,S = 1, and nonspiraling,S = 0) soli-
ton solutions to Eq. (2) of theeruptingtype, similar to

those recently found in the one-dimensional (1D) CQ
GL equation [19,20]. Generally, they may be regarded
as patterns belonging to a class of pulses with chaotic
intrinsic dynamics, which are known in 1D nonlinear
systems of the reaction–diffusion type [21].

Additionally, we present two new types of station-
ary broad axisymmetric localized patterns found in the
framework of the same model, which we termcompos-
ite andflat-top2D solitons, similar to their 1D coun-
terparts discussed in detail in Refs. [16–18]. These are
very broad pulses residing near a border which sep-
arates stationary pulses proper and nonstationary ex-
panding axisymmetric domains.

As the underlying equation (1) contains five in-
dependent parameters, an exhaustive analysis of the
model in its full parametric space is virtually impossi-
ble. Therefore, throughout the Letter we consider two
different sets of parameters, characterized by fixed val-
ues of three parameters: (i)δ = 0.05, β = 0.03 and
µ = 0.2; and (ii)δ = 0.1, β = 0.08 andµ = 0.1. The
remaining two parametersν andε will be varied, in
order to study transitions between solutions of differ-
ent types. According to our simulations, these cases
are quite representative to display new types of the 2D
solitons.

2. Erupting solitons

The first finding of our analysis is that direct simu-
lations of the radial equation (2) indeed produce robust
“erupting” axisymmetric solitons, and their existence
domain is quite large, similar to the 1D case reported
in Refs. [19,20]. A quasi-period of the evolution of a
typical erupting spiraling pulse, with the spinS = 1, is
displayed in Fig. 1.

Similar to what has recently been found in the 1D
case [19,20], the eruptions happen irregularly (i.e.,
chaotically, in the sense of the dynamical chaos), al-
though each quasi-period contains one eruption. To
demonstrate the irregularity of the spiral–soliton’s in-
trinsic dynamics, in Fig. 2 we display a generic dy-
namical trajectory in the plane of the soliton’s aver-
age width in thex-direction,σx ≡ √〈x2〉 − 〈x〉2, and
the soliton’s mean width in thekx -direction of the
Fourier space,σkx = √〈k2

x〉 − 〈kx〉2, wherekx is the
x-component of the wavenumber. The spatial average
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Fig. 1. A quasi-period of the evolution of a spiraling soliton with the
spinS = 1, including one “eruption”. The parameters are:β = 0.05,
δ = 0.05,ν = 1.4, µ = 0.2 andε = 1.75.

Fig. 2. A trajectory, in the plane(σx ,σkx ), of the erupting soliton
from Fig. 1 illustrating its chaotic intrinsic dynamics.

Fig. 3. Existence domains of the two-dimensional erupting solitons.
The fixed parameters are:β = 0.05, δ = 0.05 and µ = 0.2.
Circles: a boundary between erupting solitons and the region where
the solitons do not form; squares: a boundary between erupting
and ordinary (stationary) spiraling solitons; triangles: a boundary
between erupting and ordinary nonspiraling (zero-spin) solitons.

of the functiong(x, y) is

〈
g(x, y)

〉 ≡ I−1
∫ ∫

dx dy
∣∣U(x,y)

∣∣2g(x, y),

whereas the average of the functionh(kx, ky) is given
by

〈
h(kx, ky)

〉 ≡ I−1
∫ ∫

dkx dky

∣∣Ũ(kx, ky)
∣∣2h(kx, ky),

whereŨ(kx, ky) is the Fourier transform ofU(x,y).
Here

(4)I ≡
∫ ∫

dx dy
∣∣U(x,y)

∣∣2 = 2π

∞∫

0

∣∣U(r)
∣∣2r dr

is the soliton’s intensity.
The evolution trajectory presented in Fig. 2 pertains

to the soliton shown in Fig. 1 and comprises the first
200 units of the propagation length, which includes
several successive eruptions. Notice that, due to the
axial symmetry of the erupting solution, one hasσy =
σx and σky = σkx . One can see that the trajectory
never repeats itself, although in each quasi-period it
passes through the same point, corresponding to the
soliton at the nonerupting stage of the evolution. This
result is similar to that obtained for the erupting 1D
nonspinning solitons of the CQ GL equation [20]. We
stress that no solution with a strictly periodic sequence
of eruptions has been found.

The spiraling erupting solitons are unstable against
azimuthal perturbations. As an example, the numerical
study of the full equation (1), linearized around the
solution withS = 1 (the same as is shown in Fig. 1)
at its stationary (nonerupting) stage, yields the result
that a perturbation with the azimuthal indexn = 2,
which corresponds to a perturbation eigenmodeδA ∼
exp(2iθ + σz), has the eigenvalueσ = 0.95+ i60.6.

A region in the parameter plane(ν, ε) where erupt-
ing solitons have been found in the simulations of
Eq. (2) is shown in Fig. 3 for a representative set of
parameters. No solitons exist below the curve 1 in
Fig. 3. The spiraling (spinning) erupting solitons co-
exist with the nonspiraling (zero-spin,S = 0) erupt-
ing ones in the region between the curves 1 and 2,
whereas in the small region between the curves 2 and
3 erupting solitons only withS = 0 have been found.
The curves 2 and 3 represent borders between erupting
and ordinary (stationary) pulses withS = 1 (spiraling)
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Fig. 4. Radial profiles of (a) nonspiraling,S = 0, and (b) spiraling,S = 1,flat-topsolitons at slightly different values of the quintic self-focusing
parameterν, while the other parameters are fixed:β = 0.03,δ = 0.05,µ = 0.2 andε = 0.3. Note that the spiraling soliton pertaining toν = 0.48
in panel (b) is still an ordinary stationary soliton, rather than a flat-top one.

andS = 0 (nonspiraling), respectively. Thus, erupting
and ordinary solitons with the same value of the spin
do not coexist; however, in the above-mentioned nar-
row stripe between the curves 2 and 3, the erupting
zero-spin solitons coexist with the ordinary ones hav-
ing S = 1.

Note that, for the parameter range displayed in
Fig. 3, the boundaries between the regions where ordi-
nary solitons and erupting pulses exist, only slightly
depend on the quintic self-defocusing coefficientν.
We have also observed that, quite naturally, the coef-
ficient µ, which accounts for the quintic losses and is
thus responsible for the global stability of the model,
affects the structure of the model’s phase diagrams
much stronger.

Lastly, it is relevant to stress that, in contrast with
recently studied 1D GL models, both CQ [19,20] and
two-component cubic [15] ones, our calculations show
that, at all the parameter values considered,no regular
(strictly periodic) oscillating pulses exist in the 2D GL
model.

3. Flat-top and composite solitons

Other new dynamical features were found in the
present model near a border in the parametric space
between the ordinary stationary pulses andfront so-
lutions (i.e., those describing an indefinitely expand-
ing axisymmetric domain; along with the stationary

pulses, they were found in Ref. [24]). Accurate search
in a vicinity of the border has revealed the existence of
a transient layer, instead of the sharp frontier, which
is filled by two new species of stationary spiraling and
nonspiraling pulses, to be calledflat-topandcompos-
ite ones. Both species differ from the ordinary station-
ary pulses, which were studied in detail in Ref. [24],
in that they are very broad. This is quite natural, as the
flat-top and composite pulses provide for a crossover
from ordinary, relatively narrow, ones to indefinitely
expanding fronts. Typical examples of the radial pro-
files of the flat-top and composite solitons, withS = 0
andS = 1, are displayed in Figs. 4 and 5. One may see
that a very small change of the quintic self-defocusing
coefficientν drastically affects the soliton’s radial size
(note a difference with the situation in Fig. 3 which
showed no sensitivity to the value ofν; an explanation
for the difference is that the solitons of the flat-top and
composite types exist in a very narrow stripe of the
phase space). Three-dimensional images of the spiral-
ing solitons of both flat-top and composite types are
shown in Fig. 6.

A distinction between the flat-top and composite
solitons is that the interior of the former one is a really
very flat, while the latter one has an inflexion point,
and it is, effectively, composed of different radial
layers (hence its name). Although the difference may
seem tiny, it leads to dramatic differences in dynamical
properties of these two species of the pulses: the flat-
top spiral solitons are completely stable (see below),
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Fig. 5. Radial profiles of (a) nonspiraling,S = 0, and (b) spiraling,S = 1, compositesolitons at slightly different values of the quintic
self-focusing parameterν, while the other parameters are fixed:β = 0.08, δ = 0.1, µ = 0.1 andε = 0.75.

Fig. 6. Surface plots of the field of the spiraling (S = 1) flat-top (a) and composite (b) solitons corresponding to one of the radial profiles
displayed, respectively, in (a) Fig. 4 forν = 0.55 and (b) Fig. 5 forν = 0.0868.

while all the composite spiraling solitons turn out to
beunstablein direct simulations.

Calculations of the instability growth rates within
the framework of Eq. (2) linearized around the com-
posite solitons withS = 1 yield results which com-
ply with direct simulation of the nonlinear propaga-
tion in Eq. (1) written in the Cartesian coordinates.
The outcome is that all the spiral composite solitons
are unstable against perturbations breaking their axial
symmetry. Moreover, wider composite solitons, which
resemble their flat-top counterparts, are less unstable
(their instability growth rate is smaller) than narrower
ones. For example, the real parts of the complex in-
stability growth rate for the spiral composite solitons
presented in Fig. 5(b), which correspond to the pertur-
bation azimuthal indexn = 2 are 0.0436, 0.0418 and
0.0396 forν = 0.0867, 0.08675 and 0.0868, respec-
tively, whereas the growth rates for the perturbation
with the indexn = 3 are 0.08267, 0.0789 and 0.0744,
for the same three different values ofν.

Transition from the ordinary stationary pulses to the
flat-top or composite ones is continuous, as is illus-
trated by Fig. 7. The figure shows the soliton’s inten-
sity I , which was defined in Eqs. (4), versus the quintic
self-defocusing coefficientν. Remarkably, the depen-
dences are very different in the cases of the flat-top
and composite solitons, and the intensity takes very
different values for the nonspiraling and spiraling soli-
tons, i.e., the ones withS = 0 andS = 1, respectively,
which is similar to the known feature of 2D solitons in
conservative models of the NLS type [29–32]. In the
models of that type, the intensity of the spinning soli-
ton is always several times larger than that of the non-
spinning one, which complies with the same property
of the (stable) flat-top solitons in the present model, as
is seen in Fig. 7(a). However, in the case of the (unsta-
ble) composite soliton, the intensity of the nonspiral-
ing soliton mayexceedthat of its spiraling counterpart,
see Fig. 7(b). This very unusual feature is another dras-
tic difference between two superficially similar types
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Fig. 7. Intensity of the spiraling and nonspiraling solitons vs. the quintic self-focusing coefficientν in the transient layer between the ordinary
pulses and fronts. (a) The case of the flat-top solitons. Here,β = 0.03, δ = 0.05, µ = 0.2 andε = 0.3. (b) The case of the composite solitons.
Here,β = 0.08,δ = 0.1, µ = 0.1 andε = 0.75.

Fig. 8. Gray-scale plots of the flat-top spiral soliton created by a Gaussian beam with the intrinsic vorticityS = 1. The parameters are the same
as in Fig. 6(a). (a) The absolute value|A| and (b) the phase atz = 200.

(flat-top and composite) of the broad solitons in the 2D
model.

The divergence of the soliton’s intensity with the in-
crease ofν, evident in Fig. 7, corresponds the afore-
mentioned transition from the localized stationary ax-
isymmetric pulses to expanding fronts. The transition
takes place via the flat-top (Fig. 7(a)) or composite
(Fig. 7(b)) solitons, depending on values of the sys-
tem’s parameters. Note that similarly looking compos-
ite solitons are known in the 1D GL model [19,20];
however, in contrast with the present 2D model, they
were stable and constituted a distinct family of soli-
tons, apart from the ordinary stationary pulses. Thus,

in the 1D model the composite solitonsdid not play
the role of a transient between the ordinary pulses and
fronts.

Our extensive numerical simulations of the stabil-
ity have shown that the flat-top spiraling solitons are
stable, in contrast to the composite ones, see above.
Moreover, similar to the ordinary stable 2D spiral soli-
tons studied in Ref. [24], the flat-top ones behave as
strongattractors. This is proved by numerical exper-
iments in which Gaussian pulses that were lent the
intrinsic vorticity S = 1, but had shapes very differ-
ent from those of the stationary flat-top solitons with
the same vorticity, are launched. In spite of the great
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shape difference, the initial Gaussian pulses quickly
rearrange themselves and readily self-trap into the flat-
top solitons. For illustration, in Fig. 8 we display gray-
scale plots of the amplitude and phase of the flat-top
soliton created this way from a Gaussian pulse with a
nested vortex. It proves to be exactly the same station-
ary pulse as the one whose three-dimensional image is
shown in Fig. 6(a).

4. Conclusion

We have revisited the recently introduced two-
dimensional isotropic Ginzburg–Landau model of the
cubic–quintic type, in order to find new classes of spi-
raling and nonspiraling axisymmetric localized pat-
terns in it. The first newly found species are nonsta-
tionary “erupting” solitons whose distinctive feature
are irregularly repeating limited bursts. Nonspiraling
(zero-spin) and spiraling (with the spinS = 1) solitons
of this type may coexist with each other, but they do
not coexist with the ordinary stationary stable solitons
having the same spin. The spiraling erupting solitons
are shown to be unstable against azimuthal perturba-
tions. Additionally, we have found that the recently
discovered transition from ordinary stationary pulses
to expanding circular fronts does not take place by a
jump, but, instead, it goes via very broad stationary
solitons (both nonspiraling and spiraling), which may
be of two different types, depending on values of the
system’s parameters: “flat-top” solitons, which are sta-
ble, or unstable “composite” solitons, that, unlike the
“flat-top” ones, have some weakly pronounced intrin-
sic structure.

The most straightforward physical realization of the
model may be provided by spatial light beam prop-
agation in a bulk nonlinear optical material featuring
losses and nonlinear gain. In particular, irregular bursts
characteristic to the erupting solitons can be observed,
at the output face of the sample, in the form of irreg-
ular oscillations of the beam’s power with the varia-
tion of the intensity of a pump signal providing for the
(nonlinear) intrinsic optical gain in the material.
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