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Abstract

The properties of the parent quasimolecular states are deduced
from the general properties of the exotic resonant states found by the
Riemann surface approach to S-matrix poles.

1 Introduction

Di-nuclear quasimolecular states (QMS) represent the most important clus-
ter phenomenon in nuclear physics. They are nuclear resonant states (RS)
excited in heavy-ion reactions, having special properties: a) QMS are highly
excited RS in nuclei above the threshold Ej;, of two-body decay into the clus-
ter constituents; b) The reduced width of QMS for decay into cluster con-
stituents is large, while the reduced widths for decay into other channels are
small; ¢) QMS have good spins and parities (J™); d) QMS excitation energies
are situated around the top of the total barrier (Eg2 s ~ Eeout + Ecentrifugal)
in a region of high level density. Their widths I'gas are of the order of hun-
dred of keV; e) For a given J there are several QMS. The energy centroids
of QMS with the same J form a straight line in the plane E., vs J(J + 1),
appropriate to a rotational band.

As suggested by Feshbach [1] the narrow QMS with the same J™ are frag-
ments of a di-nuclear parent quasimolecular state (PQMS) of a given J™, as
illustrated in fig. 1.

In spite of the great deal of research work done in the field of QMS there are
main open questions still left [2] :
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Figure 1: A di-nuclear PQMS with a width of several MeV (dashed line) is frag-
mented into a number of narrow QMS (having widths of order of hundreds of keV)
with the same J7.

Stability against the dissolution into the complex neighboring compound nu-
clear states: Because of the very high level densities at the excitation energies
of QMS it is expected that QMS be totally damped, and consequently un-
observable in the experiment. The fact that QMS have been observed in a
region of high level density suggests that they belong to a new class of states
of the nuclear system, that fulfil extraordinary conditions which prevent them
from spreading out. The nature of the structural difference between the QMS
and the underlying compound nuclear states should be explained.
The QMS wave function is localized in the barrier region: It is a great puzzle
to understand how a short range nuclear attraction can be operative in order
to generate a RS having the wave function localized outside the potential
well, in the region of the barrier. For example, in the ?C+'2C system the
distance of the closest approach at a CM energy of 5.6 MeV (the lowest en-
ergy at which resonances have been observed) is 9.3 fm, while the ?C radius
is 3 fm. This means that the surfaces of the two nuclei will be separated
by 3.3 fm in the closest proximity [3]. How could a short range attractive
potential of about 4 fm (see fig. 2) be operative in this configuration, leading
to the formation of a RS? Some attempts have been done to construct an
attractive long range ”effective” potential that could operate at the distance
of the closest approach [3, 4], but this potential contradicts the usual poten-
tial shape. As shown in [5, 6] the large diffuseness used in [3, 4] decreases
the Coulomb barrier so that the states are located above the barrier and
consequently they are echoes and not RS.

The present work answers the above questions. By using an usual poten-
tial we are looking for the possibility to generate a class of exotic RS (ERS)
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Figure 2: The potential for the 12C +'2 C scattering in the s state

that could be candidates for PQMS, i.e. RS which have the wave function
localized in the region of the barrier, particularly stable with respect to the
dissolution into the neighboring compound nucleus resonant states. In order
to do this we have to identify all classes of RS and to study their properties.
The existence of different types of RS must be reflected in the existence
of different types of S-matrix poles. Consequently it is important to find a
method to identify simultaneously all the S-matrix poles. Let us consider the
non-relativistic scattering of a charged particle by a central potential

V(r) = gVa(r) + Vear (r) (1)

where the short range complex nuclear potential V,, of strength ¢ € C has
a square or a Woods-Saxon form-factor, and V., is a potential barrier. The
dimensionless variable 7/ R will be used instead of r. For the sake of simplicity
the notation r, k, g and ¢ will be used for the dimensionless variables r/R, kR,
(h?/2M R?)g and cR (where c is the Coulomb parameter ¢ = Z; Zye> M /h?).
The S-matrix poles are the solutions k£ = k;(g) of the equation

-7:H—(gak) =0 (2)

where Fi, (g, k) is the Jost function [7], [ is the orbital angular momentum, &
is the wave number and g is the potential strength, provided that F; (g, k) #
0. The pole function k& = k;(g) is a multiple-valued function defined on the
complex g-plane. The S-matrix poles distribution in the k-plane as a function
of the potential strength g has been extensively studied [8], [9], [10], [11], [12],
[13] by using the pole trajectory method: a particular path in the complex
g-plane is chosen and the corresponding trajectory of the S-matrix poles in
the k-plane is determined. The pole trajectory method suffers from a poor
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treatment of the multiformity of the function £ = k;(g): the method does
not provide all S-matrix poles, some important S-matrix poles being lost,
and one can never be sure that the same pole is followed.

In order to get a better description of the function k = k;(g) the Riemann
surface approach to S-matriz poles [14, 15, 16] will be used. It consists in
constructing the Riemann surface R!(]l) over the g-plane, on which the pole
function k;(g) is single valued and analytic. Each sheet is associated with
one branch of the function. In other words if g takes a value on a sheet,
then the function k;(g) takes only one value on the image of that sheet. The
changes from one branch of the function to another are effected by making
the g-variable change from one sheet to another. This is possible at the
branch-points, i.e. at some special points on the Riemann surface that are
common to different sheets. Two sheets are connected along the branch line
that joins the common branch-points. A schematic illustration of the method
is given in fig. 3.
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Figure 3: a) The multiple-valued function k& = k;(g) defined on the complex g-
plane and its distinct values in the k-plane. b) The Riemann surface over the
complex g-plane. The branch-points indicated by * and the branch-lines that join
the sheets are shown. One can see that if g takes a value on a sheet Zg), then the

function k = k;(g) takes only one value on the image of this sheet i,

In fig. 3a) the function k£ = k;(g) defined on the complex g-plane is multiple-
valued, i.e. there are many k values that correspond to the same value g. In
fig. 3b) the sheets of the Riemann surface over the g-plane and their images in
the k-plane are represented. Having located the branch points in the g-plane,
cuts have been taken in the g-plane along the branch-lines. In this way all
the sheets () of the Riemann surface Rgl) have been separated. One can see

that if g takes a value on a sheet Eg), then the function k£ = k;(g) takes only



one value on the image of this sheet X/, In this way the function k = k;(g)
defined on the Riemann surface R_,(]l) becomes a single-valued function and it
is no longer a multiple-valued function as it was while defined on the complex
plane g € C. The border of any sheet image in the k-plane X/) was obtained
by letting g trace a path along the cuts on the corresponding Riemann sheet
Y without crossing them, and along a circle of large radius joining the
cuts. Taking into account that one branch and only one branch of k = k;(g)
is associated with a sheet ¥{!), the label n of this sheet will be used as a
quantum number for the S-matrix pole belonging to the corresponding sheet
image Y{) in the k-plane and for the associated resonant (bound) state.
This quantum number is important because it allows to label even the poles
that do not become bound state poles as the depth of the potential well is
increased. In the case when there are poles which do not become bound
state poles as the depth of the potential well is increased the usual manner
of labeling the resonant state poles by the same radial quantum number as
the bound state poles into which they are transformed by increasing the
strength of the potential well does not work. The label n of a Riemann
sheet provides a unique quantum number for the resonant (bound) state
pole that belongs to the corresponding Riemann sheet image. It does not
change when the potential strength is changed taking values on the same
Riemann sheet. For each [ value all the S-matrix poles k;(g) have been
found by constructing the Riemann surface Rgl) over the g-plane on which
the function k& = k;(g) is single valued and analytic, and by constructing the
images of the Riemann sheets in the k-plane [14, 15]. The method has been
used for various shapes of potentials represented in fig. 4: a rectangular well
followed by a rectangular barrier (fig. 3a), a rectangular or Woods-Saxon
well with centrifugal barrier (fig. 4b) and a rectangular or Woods-Saxon well
with Coulomb and centrifugal barrier (fig. 4c).
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Figure 4: Three shapes of the potential for which the analysis of the Riemann
surface has been done: a) a square well followed by a square barrier; b) a square or
Woods-Saxon well with centrifugal barrier; ¢) a square or Woods-Saxon well with
Coulomb barrier



2 Properties of the exotic resonant poles and
states

For all mentioned potential shapes given in fig. 4 a new class of poles, with
unusual properties, has been identified. The exotic resonant state poles have
the following unusual properties:
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Figure 5: The first four sheets X,,, n = 1,2, 3,4 and the aggregates of their k-plane
images Y. for the three shapes of the potential given in fig. 4. In fig. 5a and 5b
the sheets and the aggregate of the sheet images for the potential represented in
fig. 4a are given; in fig. 5c and 5d the sheets and the aggregate of the sheet images
for the potential represented in fig. 4b are given; in fig. 5e and 5f the sheets and
the aggregate of the sheet images for the potential represented in fig. 4c are given.

(i) Instead of becoming bound or virtual state poles when the strength of the
potential well increases to infinity, the exotic poles remain in some bound
regions of the k-plane, in the neighborhood of some attractors (stable points).
The number and position of these bound regions depend on the shape and
height of the barrier. They occur only if the absorptive potential strength
Im g > 0 belongs to a certain window (¢; < | Zm g |< t3). Exotic poles
exist only on some Riemann sheet images, depending on the shape of the



potential barrier, as illustrated in fig. 5. One can see that for a rectangular
well followed by a rectangular barrier there are exotic poles only for strong
absorptive potentials. There is an infinite number of Riemann sheet images
on which there are situated exotic poles. On each Riemann sheet image there
is only one bound region for the exotic resonant pole (see fig ba and 5b). In
the case of a rectangular or Woods-Saxon well with centrifugal barrier there
are exotic poles on a finite number of Riemann sheet images, the number of
these sheet images increasing as the orbital angular momentum [ increases.
The exotic poles occur for either weak or strong absorptive potentials (see fig.
5c and 5d). In the case of a rectangular or Woods-Saxon well with Coulomb
plus centrifugal barrier there is an infinite number of Riemann sheet images
where the exotic poles are situated, and the exotic poles occur for either
strong or week absorption (see fig. 5e and 5f).

(ii) The wave functions of the RS corresponding to poles situated in the
neighborhood of the attractors are almost completely confined to the region
of the barrier. The localization of the wave function in the case of potential
(1) having the shape of a rectangular well followed by a rectangular barrier
is illustrated in fig. 6.
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Figure 6: The moduli of the wave functions of an usual RS (a) and of an ERS (b)
for the potential given in fig. 4a with equal radii for well and barrier. The values
of the potential well depth g and the corresponding poles in the k-plane are given.

As a consequence of the localization of their wave functions the ERS are
almost insensitive to the behavior of the potential inside the well, but almost
totally determined by the potential in the barrier region.



3 Di-nuclear PQMS - a particular case of ERS

By comparing the properties of the ERS given above with the properties of
the PQMS given in the Introduction we can conclude that the ERS are good
candidates for PQMS. In the following we show that PQRS are a particular
case of ERS, namely the ERS corresponding to poles located at the first
attractor k(!)(c, 1) for a potential made of a rectangular or Woods-Saxon well
with Coulomb and centrifugal barrier. In the following we shall show that
the properties of PQMS result naturally from the general properties of ERS
for the mentioned potential.

3.1 Excitation energies

The ERS corresponding to poles at the first attractor k(! form rotational
bands. An approximation of the energy and width of these ERS has been ob-
tained from the asymptotic expression of k{!) for large values of the Coulomb
parameter c.

h? { 2 of X2 oz%k?g}
E~ I tp2 g x —S1a”_ C10B 3
SMRZ "B~ M7 T 2y T 12X (3)

K2 { X? CY1042]€123}
'~ 20 X — o« — 4
2MR? \*™ 1027 X (4)

where kg = [2c¢ + 11+ 1)]'? ; X = [k +1(1 +1)]*® ; oy = Re o and
oy = Im a, with o = (97/8)*® exp(ir/3). The first term in (3) indicates a
rotational character of the energy spectrum, while the other terms in (3) give
corrections to the linear dependence of F on [({+1) and at the same time they
show that the energy levels are situated below the barrier top h%k%/2M R2.
It results that both di-nuclear PQMS and ERS at the first attractor form
rotational bands of simple configuration states at high energies in nuclei,
near the top of the total barrier. A good agreement was obtained in the
comparison of the theoretical energies given by (3) with the experimental
energies of the PQMS reported in literature, from 2C+'2C up to 2Si+28Si
by using the same prescription for the radius R = ro(Ai/ Sy Aé/ 3) with
ro=1.3 fm for all nuclear systems. The experimentally observed deviation
from the linear dependence of E on I(l + 1) in the light systems, such as
204120, 2C41%0 and %O+1%0, results from the dependence of the slope
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Figure 7: Comparison of the experimental excitation energies of PQMS with the
ERS energies given by eq. (3) (continuous curves). The dot line is the grazing
line. The dashed lines are the E vs I(I + 1) lines for different configurations (two
separate spheres below the Coulomb barrier and two partially overlapping spheres
above the Coulomb barrier).

of the tangent to the curve E vs (I + 1) with respect to ¢ and [. As one can
see from Eq. (3), for light systems (small ¢) there is a rather strong variation
of the slope with respect to [, especially for low [ values.

Table 1: The separation distances between the centers of the two nuclei that form
the di-nuclear PQMS. R; is the distance under the Coulomb barrier, and Ry is the
distance above the Coulomb barrier.

[17] [18] Present paper
Nuclear system | R;(fm | Ry(fm) | Ry (fm) | Ro(fm) R(fm)
L2o+i2o 6.7 5.7 7.95 4.46 5.59
20 +1%0 9.6 5.3 9.0 5.31 6.25
160 +16 0 9.55 6.55 6.55

The calculated energies are obtained with the same radius prescription,
both below and above the Coulomb barrier. Other authors [17], [18] have
been forced to use two rotational bands for light heavy-ions systems, sepa-
rated by the Coulomb energy Fcyy. In other words, these light systems (e.g.
1204+12C, 12C+150 and *0+'%0) were considered as di-nuclear systems of
two separated spheres below the Coulomb barrier and of two partially over-
lapping spheres above the Coulomb barrier.



3.2 Widths

A comparison of the PQMS widths and ERS widths is difficult due to the
process of spreading of the single particle excitation represented by the PQMS
on a large energy region. It would be necessary to identify and analyze all the
QMS of the same J™ that represent fragments of PQMS, spread on an energy
interval of several MeV. As it can be seen from table 2 a good agreement
was found between the calculated widths of the ERS given by eq.(4) and the
experimental widths of the PQRM obtained by the reconstruction from the
the available spread fragments [19], [20].

Table 2: Comparison of the PQMS widths and the ERS widths given by eq.(4)

Nuclear system | [ | I'pgus (MeV) | I'rrs (MeV)
2o 4120 4 7.6 8.2
6 9.5 10.0
8 14.9 12.3
2C +1%0 7 12.1 10.6
Mg+ Mg | 34 19.0 25.3

3.3 Stability

The small amplitude of the wave function of an ERS inside the well leads
to a small overlap with the adjacent RS of the continuum that are mostly
confined to the compound nucleus radius, which is smaller than the potential
well radius. In other words < vYpgrs|thcy > is small. This small overlap
confers stability to ERS against the dissolution into the complex neighboring
compound nuclear states. The ERS are a new kind of doorway states, whose
stability is a consequence of the localization of the wave function, rather than
of a symmetry.

3.4 Observability

Eq. (4) provides information on the observability of QMS. For the light
systems the width increases rapidly as [ increases so that it becomes very
large for a relatively low [ value and the corresponding resonance in the cross
section is not observed. For heavier systems the widths of ERS increase
slowly as [ increases and consequently the states can be observed even at
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very large [ values. For example, in the ?C+'2C system the highest [-value
of the observed quasimolecular resonance is =18, while in the 2Si+28Si
quasimolecular resonances with (=42 could be observed [21].

3.5 Potentials that support QMS

Systematic heavy ions scattering studies [22] have shown that an enhanced
gross structure both in the angular distribution and excitation functions for
light nucleus-nucleus systems is produced by a weakly absorbing four param-
eter optical potential of Woods-Saxon form. The absorption that explains the
scattering data belongs to the absorption window that ensures the occurrence
of the ERS.

4 Conclusions

It was shown that the di-nuclear parent quasimolecular state is an exotic
resonant state that corresponds to a S-matrix pole in the neighborhood of an
attractor in the k-plane. The properties of the PQRS ( excitation energies,
deviation from the linear dependence of excitation energies on [({+1), widths,
stability, observability) result naturally from the general properties of the
ERS. The open problems mentioned in connection with the PQRS are solved.
The equations (3) and (4) have a predictive character, giving the energies and
widths of the PQMS.
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